MATH/VI/09

2016
( 6th Semester )

MATHEMATICS
Paper : Math-361
( Modern Algebra )

Full Marks : 75

Time : 3 hours

( PART : B—DESCRIPTIVE )
( Marks : 50)

The figures in the margin indicate full marks
for the questions

Answer one question from each Unit

UNIT—I

1. (a) Prove that the centre Z of a group is a
normal subgroup of G. S

(b) Let G be a group. Prove that the
mapping f:G->G given by
f(a)za_IVae G is an isomorphism if

and only if G is Abelian. S
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2. The set I(G) of all inner automorphisms of a
group G is a normal subgroup of A(G), the
group of all automorphisms of G. Prove that

G =G/ Z(G)
Z(G) is the centre of G. 10

UNIT—II

3. (a) Prove that every field is an integral
domain. S

(b) Show that the ring Z ,, of integer modulo
p is a field if and only if p is a prime. 5

4. (a) Prove that the characteristic of an
integral domain is either O or a prime
number. )

(b) Let R be a commutative ring. Prove that
an ideal P of R is a prime ideal if and
only if R/ P is an integral domain. )

UNIT—III

5. Prove that every homomorphic image of a
ring R is isomorphic to some quotient ring
of R. 10

6. (a) Prove that in a UFD, every prime
element is irreducible. 5

(b) Prove that every Euclidean domain has
a unit element. S

G16/340a ( Continued )

Www.gzrsc.edu.in



(3)

UNIT—IV

7. (a) If Uand V are two subspaces of a finite
dimensional vector space V, then show
that

dimU+V)=dimU +dimV -dim (UnN V)
(b) Prove that the set of vectors
{1, 23),212),221);
is linearly independent in R3.

8. (a) If W be a subspace of a finite
dimensional vector space V(F), then
prove that

. %4 . .
dlm() =dimV -dim W
w
() Let T:R®>—>R® be the linear
transformation defined by
Tx y 20=0B8x, x-y, 2x+y+ 2
Show that T is a homomorphism.
G16/340a
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UNIT—V

(a) Let V and W be vector spaces over the
same field F and also let T be a linear
transformation from V into W. If V is
finite dimensional, then show that

rank (T) + nullity (T) = dim V

(b) Let T:R>® — R® be a linear transforma-
tion defined by
Txy 22=0Bx+z -2x+y, —x+2y+42

Compute the matrix A of T with respect
to the standard basis of R3.

Let T:R® - R® be a linear transformation
whose matrix with respect to the standard
basis of R® is
[ cos® -sin6 O]
A=| sin® cos® O |

Lo o 1]

Find the matrix B of T with respect to the
standard basis {(1, 0, 0), (1 1, 0), (1, 1, 1)} of R®.
Also find a non-singular matrix P such that
PAP™! =B.
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2016
( 6th Semester )

MATHEMATICS
Paper : Math-361

( Modern Algebra )

( PART : A—OBJECTIVE )
( Marks : 25)

Answer all questions

SECTION—A
( Marks : 10)

Each question carries 1 mark

Put a Tick (v/) mark against the correct answer in the brackets
provided :

1. Which of the following statements is false?

(a) A subgroup H of a group G is normal if and only if
each left coset of H in G is a right coset of H
in G ( )

(b) Every subgroup of an Abelian group is
normal ( )

(c) If His a normal subgroup of G and K is a subgroup
of G, then H n K is a normal subgroup of K ( )

(d) A subgroup H of G is normal if and only if abe H
implies that ba ¢ H, a, be G ( )
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2. If f is a homomorphism of G into G/, then K is the kernel
of f if

(@) k={xeG: f(x)=e"} ()
(b) k={xeG: f(x)=e} (O
(c) k={xeG: f(x)=0} ()
(d) k={xeG: f(x)=x} ()

3. The necessary and sufficient conditions for a non-empty
subset S of a ring R to be a subring are

(a) a—beSandEeSforalla,beS ( )
b

(b) a-beS and abe S for all a, be S ( )

C a+beSand—eSf0ralIa,beS
()
b

(d a+beS and abe S for all a, be S ( )

4. The proper ideals of Z15 are <2 >, <3 > <4>and <6 >,
then the maximal ideals are

(@) <2>and <4 > (
(b) <2>and <6 > (
(
(

(c) <2>and <3 >

~— e e

(d <4>and <6 >
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(3)

5. The units in Zg ={0, 1, 2, 3, 4, 5, 6, 7} modulo 8 are
(@ O, 2,4, 6 ( )
(b) 1, 3,5, 6 ( )
(c 1,3,5, 7 ( )

(a 4,5,6,7 ( )

6. The associates of a non-zero element a + ib of the ring of
Gaussian integers D ={a + ib, a, b € I} are

(a) a+ib, —a—ib, —-b +ia, b —ia ( )
(b) a+ib, —a—-ib, -b—ia, b—-ia ( )
(c) a+ib, —a—-ib, b+ia, b-ia ( )

(d a+ib, a—-ib, —a +ib, —a —ib ( )

7. Which of the following statements is false?

If A and B are subspaces of V, then

(a) A+ B is a subspace of V ( )
(b) A is a subspace of A+ B ( )
(c) B is a subspace of A+ B ( )

(d) every element of A+ B can be uniquely written in the

form a+b, where aecA, beB and
AN B #{0} ( )
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8. For the vector space V3(F), which set is not a basis?

(@) (1, O, 0), (1, 1, 0), (1, 1, 1) ( )
(b) (1, O, 0), (O, 1, 0), (O, O, 1) ( )
(c) (1, 0, 0), (O, 1, 0), (1, 1, 1) ( )
(4 (1, 0, 1), (1, O, 0), (O, O, 1) ( )

0 1
9. If A :( 4 4), then the eigenvalues of A are

(@) 0, -4 ()
(b) 2,2 ()
(¢ 1,4 ()

(@ 1, -4 ()

10. The eigenvalues of a real skew-symmetric matrix are

(a) purely imaginary ( )
(b) all zero ( )
(c) purely imaginary or zero ( )
(d) all real ( )
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SECTION—DB
( Marks : 15)

Each question carries 3 marks

1. If H is a normal subgroup of G and K is a subgroup of G,
then prove that H n K is a normal subgroup of K.
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2. Prove that the centre of a ring R is a subring of R.
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3. Show that 1+ is an irreducible element in Z[i]
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4. Prove that the intersection of any two subspaces W; and
Wy of a vector space is again a subspace of V(F).
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5. Prove that similar matrices have the same eigenvalues.
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